Abstract. In this article we study a special class of non-doubling metric measure spaces for which there is a significant difference between the incidence of weak and restricted weak type (p, p) inequalities for the centered and non-centered Hardy-Littlewood maximal operators, M c and M . As a corollary we extend the result obtained in [2] .
Introduction
Consider a metric measure space X = (X, ρ, µ) where ρ is a metric and µ is a Borel measure such that the measure of each ball is finite and strictly positive. By B(x, r) we denote the open ball centered at x ∈ X with radius r > 0. If we do not specify the center point and radius we write simply B. According to this the Hardy-Littlewood maximal operators, centered M c and non-centered M, are defined respectively by Recall that an operator T is said to be of strong type (p, p) for some
Similarly, T is of weak type (p, p) if T is bounded from L p to L p,∞ = L p,∞ (X) which means that (1) λ p µ({x : |T f (x)| > λ}) f p holds uniformly in f ∈ L p and λ > 0 (we use the convention that L ∞,∞ = L ∞ ). Finally, (p, p). Here and anywhere else in this paper the notation A 1 A 2 is used to indicate that A 1 ≤ CA 2 with a positive constant C independent of significant quantities. When dealing with some metric measure space it is usually an important issue to study the mapping properties of the associated maximal operators. First of all, M c and M are trivially of strong type (∞, ∞) in case of any metric measure space. It is also a well known fact that if the measure is doubling, that is µ(B(x, 2r)) µ(B(x, r)) uniformly in x ∈ X and r > 0, then they are both of weak type (1, 1 The program of searching spaces with specific mapping properties of the associated maximal operators was greatly contributed by H.-Q. Li. By considering a class of the cusp spaces, he proved several interesting theorems related to this issue (see [3] , [4] and [5] ). Lately, the results of H.-Q. Li were extended in [2] , where the author characterized all possible configurations of the sets of p for which the weak and strong type (p, p) inequalities for maximal operators, both M c and M, hold. Nevertheless, it is worth noting that all previous works dealing with the mapping properties of maximal operators focused only on weak or strong type (p, p) estimates. The well known fact is that the Marcinkiewicz theorem has a stronger version and to use the interpolation one needs only to show that the maximal operator is of restricted weak type (p 0 , p 0 ) for some p 0 ∈ [1, ∞) (see [6] , Theorem 3.15, p. 197, for example). Therefore, a natural step to extend the result obtained in [2] is to take into account the restricted weak type inequalities in order to relate them to the weak and strong type inequalities and this is what we do in this article.
Main result
Let X be a fixed metric measure space. We denote by P It is worth noting here that the construction of the first and second generation spaces was largely inspired by the work of Stempak, who considered in [7] some specific spaces in the context of modified Hardy-Littlewood maximal operators. The proof of Theorem 1 is located in Section 5.
First generation spaces
First we construct some metric measure spaces (we add them to the class of the first generation spaces defined in [2] ) for which
We begin with an overview of such spaces and then, after choosing p 0 , we pass to the details.
Let τ = (τ n,i ) n∈N, i=1,...,n be a fixed system of positive integers satisfying
where all elements x n,i,j , x ′ n,i,k are pairwise different. We use some auxiliary symbols for certain subsets of X τ : for n ∈ N,
Observe that the sets S 
We define the metric ρ = ρ τ on X τ determining the distance between two different elements x and y by the formula
in the other case. Figure 1 shows a model of the space (X τ , ρ). The solid line between two points indicates that the distance between them equals 1. Otherwise the distance equals 2.
...
... ...
Figure 1.
Note that we can explicitly describe any ball: for n ∈ N, i = 1, . . . , n, j = 1, . . . ,
X τ for 2 < r,
We define the measure µ = µ τ,F,m on X τ by letting µ({x n,i,j }) = d n F (n, i) and µ({x (uniquely for fixed F and m) in such a way that µ(S n ) = µ(S n−1 )/2, n ≥ 2 (this implies µ(X τ ) < ∞). Moreover, observe that µ is non-doubling. From now on we write simply |E| instead of µ(E) for E ⊂ X τ . The reader should not have any difficulties in identifying when the symbol | · | refers to the measure and when it denotes the absolute value sign. For a function f on X τ the Hardy-Littlewood maximal operators, the centered one, M c , and the non-centered one, M, are given by
and
respectively. In this setting M is of weak type (p, p) for some 1
where χ E is the characteristic function of E. Moreover, we introduce the symbol A E (f ) as the average value of a given function f ≥ 0 on a set E ⊂ X τ , namely
Analogous definitions and comments apply to M c instead of M and then to both M and M c in the context of the space (Y τ , µ) in Section 4. We are ready to describe some of the first generation spaces in detail. Fix p 0 ∈ (1, ∞) and consider
Observe that τ n,i
2 i−1 ∈ N and τ n,i i/m
Proposition 2. Fix p 0 ∈ (1, ∞) and let X p 0 be the metric measure space defined above. 
In the next step we show that M is of restricted weak type (p 0 , p 0 ). First observe that for any characteristic function g if λ < A Xτ (g), then using Hölder's inequality, we obtain
. On the other side, with the assumption λ ≥ A Xτ (g), if for some x ∈ S n we have Mg(x) > λ, then any ball B containing x and realizing A B (g) > λ must be a subset of S n . This allows us to study the behaviour of g and Mg on each S n separately. Namely, all that we need is to show that
See that any ball B r with B r ∩ S n = ∅ and r < 2 is a subset of S n and for a fixed i ∈ {1, . . . , n} it contains at most one of the points {x n,i,j : j = 1, . . . , 2 i−1 }. This implies that
. Therefore it suffices to show that (2) holds uniformly in λ > 0 (and n ∈ N) for U ⊂ S ′ n and U = {x} ⊂ S n \ S ′ n . First consider λ > 0 and f = χ U , where U ⊂ S ′ n . Without any loss of generality we can assume that A Xτ (f ) ≤ λ < 1. Therefore E λ (Mf ) ⊂ S n and since 
Finally, consider λ > 0 and δ x n,i,j for some fixed x n,i,j ∈ S n \ S ′ n . We may assume that
For any i ′ ∈ {i, . . . , n} we obtain
p 0 uniformly in λ > 0 and x n,i,j ∈ X τ .
Second generation spaces
Now we construct some metric measure spaces (we add them to the class of the second generation spaces defined in [2] ) for which P ,i ) n∈N, i=1,. ..,n be a fixed system of positive integers satisfying
where all elements y n,i,j , y
• n,i,k , y ′ n,i,k are pairwise different. We use some auxiliary symbols for certain subsets of X τ : for n ∈ N,
and for j = 1, . . . ,
We define the metric ρ = ρ τ on Y τ determining the distance between two different elements x and y by the formula Figure 1 ).
... Note that we can explicitly describe any ball: for n ∈ N, i = 1, . . . , n, j = 1, . . . , 2 i−1 ,
Y τ for 2 < r, and for n ∈ N, i ′ = 1, . . . , n, k = 1, . . . , τ n,i ,
Y τ for 2 < r, and
We define the measure µ = µ τ,F,G,m on Y τ by letting µ({y n,i,j }) = d n F (n, i), µ({y Proof. First we show that M c is of strong type (1, 1). Let f ∈ ℓ 1 (Ŷ p 0 ), f ≥ 0. We use the estimate: for n ∈ N, i = 1, . . . , n, j = 1, . . . ,
and for n ∈ N, i ′ = 1, . . . , n, k = 1, . . . , τ n,i ,
and hence we obtain Mf 1 ≤ 6 f 1 .
In the next step we show that M is not of weak type (p 0 , p 0 ). Indeed, let f n = n i=1
In the last step we show that M is of restricted weak type (p 0 , p 0 ). Arguing similarly as in the proof of Proposition 1 we observe that it suffices to show that 
